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We consider collision of two particles in the axially symmetric black hole metric in
the magnetic field. If the value of the angular momentum |L| of one particles grows
unbound (but its Killing energy remains fixed) one can achieve unbound energy in
the center of mass frame Ec.m. In the absence of the magnetic field, collision of this
kind is known to happen in the ergoregion. However, if the magnetic field strength
B is also large, with the ratio |L| /B being finite, large Ec.m. can be achieved even
far from a black hole, in the almost flat region. Such an effect also occurs in the
metric of a rotating star.
PACS numbers: 04.70.Bw, 97.60.Lf
I. INTRODUCTION
High-energy collisions near black holes attract much interest both from theoretical and
astrophysical viewpoints. This issue was started in [1] - [3] and revived after an important
observation made in [4]. It turned out that the energy Ec.m. in the center of mass frame can
grow unbound when two particles moving towards a black hole collide near the horizon. In
doing so, a black hole has to be rotating for the effect to take place. This is so-called the
Ban˜ados - Silk - West effect (the BSW effect, after the names of its authors). Meanwhile,
there are alternative mechanisms connected with the presence of the electromagnetic field.
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2For the electrically charge nonrotating black hole the similar effect was obtained in [5]. The
counterpart of the BSW effect due to the magnetic field in the Schwarzschild background was
proposed in [6] that gave rise to several works [7] - [10] in which more general metrics were
considered. All these works on collisions in the magnetic field share the common feature:
for getting large Ec.m., collisions should occur near the horizon similarly to the BSW effect.
From the other hand, there exists one more scenario of getting Ec.m. proposed in the
paper [11] (generalized in [12]). It consists in such collisions when one particle carries a
large negative angular momentum. It turned out that such a scenario can be realized away
from the horizon but inside the ergosphere (or on its boundary) only. The goal of the present
work is to suggest one more mechanism that is in a sense some hybrid of previous ones. It
implies that one of particles has a large negative angular momentum |L| and collisions
occurs in the magnetic field. It turns out that if both |L| and the magnetic field strength are
large but their ratio is finite, large Ec.m. can be achieved outside the ergoregion. Moreover,
under some restrictions, collisions may happen even in the asymptotically flat region, where
deviation of the black hole metric from the Minkowski one are small. Actually, this means
that effect can be obtained even in the star-like background when the horizon is absent and is
far from the threshold of its formation. This simplifies greatly the conditions of observation
since there are no objections raised in [13] (see also discussion in [14]) because of proximity
to the horizon and concerning the redshift that ”eats” the gain from large Ec.m. when debris
of collisions reach a remote near-flat region.
Throughout the paper, we put fundamental constants G = c = 1, except some cases when
we write down G explicitly.
II. METRIC AND EQUATIONS OF MOTION
Let us consider the metric of the form
ds2 = −N2dt2 +
dr2
A
+ R2(dφ− ωdt)2 + gθdθ
2, (1)
where the coefficients do not depend on t and φ. The horizon corresponds to N = 0. We
also assume that there is an electromagnetic field with the four-vector Aµ where the only
nonvanishing component is equal to
Aφ =
B
2
. (2)
3In vacuum, this is an exact solution on the Kerr background with B = const [15], [16].
However, we discuss a more general situation and only afterwards substitute the quantities
for the Kerr metric.
Let us consider motion of test particles in this background. The kinematic momentum
pµ = muµ, where m is the particle’s mass, four-velocity uµ = dx
µ
dτ
, where τ is the proper
time, xµ are coordinates. Then, the kinematic momentum pµ and the generalized one Pµ
are related according to
pµ = Pµ − qAµ, (3)
q is the particle’s electric charge. Due to the symmetry of the metric, P0 = −E and Pφ = L
are conserved, where E is the energy, L is the angular momentum.
We assume that the equatorial plane is a symmetry one and consider motion constrained
within this plane, so θ = pi
2
. Redefining the new radial coordinate, we can always achieve
that
A = N2 (4)
within this plane. Then, equations of motion give us
t˙ =
X
N2m
, (5)
φ˙ =
β
R
+
ωX
mN2
, (6)
X = E − ωL, (7)
β =
L− L0
mR
, (8)
L0 =
qBR2
2
, (9)
m2r˙2 = Z2, (10)
Z2 = X2 −m2N2(1 + β2). (11)
Dot denotes differentiation with respect to the proper time τ . As usual, we assume the
forward in time condition t˙ > 0, so
X ≥ 0. (12)
4III. PARTICLE COLLISIONS: GENERAL FORMULAS
Let two particles collide. We label their characteristics by indices 1 and 2. Then, in the
point of collision, one can define the energy in the centre of mass frame as
E2c.m. = −pµp
µ = m2
1
+m2
2
+ 2m1m2γ. (13)
Here,
pµ = m1u
µ
1
+m2u
µ
2
(14)
is the total momentum,
γ = −u1µu
µ
2
(15)
is the Lorentz factor of their relative motion.
For motion in the equatorial plane in the external magnetic field (2), one finds from the
equations of motion (6), (10) that
γ =
X1X2 − ε1ε2Z1Z2
m1m2N2
− β
1
β
2
. (16)
Here, ε = +1, if the particle moves away from the horizon and ε = −1, if it moves towards
it.
To get large γ and Ec.m., there are two ways - either to decrease the denominator or to
increase the numerator. The first way implies that collision should occur near the horizon,
where N ≪ 1. The second one corresponds to collisions with large |L|, when the numerator
becomes large as well. In the absence of the magnetic field, such a scenario can be realized
inside the ergosphere or on its boundary only [11], [12]. Now, we will show that the magnetic
field strong enough extends this scenario outside the ergosphere.
To make the issue nontrivial, we are interested in the case when large Ec.m. can be
obtained with finite individual energies E1 and E2 only.
IV. LARGE B AND L
Let us try to achieve large γ at the expense of large L. We assume that ω > 0, like for
the Kerr metric. Then, it follows from (7), (12) that if the angular momentum is large it
should be negative,
5L = − |L| . (17)
Let formally |L| → ∞. This means that in (7),
ω |L| ≫ E. (18)
Then, the condition Z2 > 0 in (11) gives rise to the inequality
ωR
N
|L| > ||L|+ L0| . (19)
If L0 > 0, this entails
|L| (
ωR
N
− 1) > |L0| , (20)
whence
ωR > N . (21)
According to (1),
g00 = −N
2 + ω2R2. (22)
.
Thus we have from (21) that g00 > 0. In other words, this is just the ergoregion, so we
return to the situation considered in [11], [12].
Let now L0 < 0.
a) |L| > |L0|
If we write
|L| = ξ |L0| , (23)
we obtain from (19) that
ξ > 1, ξ(1−
ωR
N
) < 1. (24)
b) |L| ≤ |L0|
In a similar way,
1
1 + ωR
N
< ξ ≤ 1. (25)
In both cases a) and b), the sign of the quantity N − ωR can be arbitrary, so motion is
possible inside or outside the ergoregion.
If the metric is asymptotically flat, N → 1 and ω → 0 when R → ∞. We assume that,
moreover, ωR → 0 (like in the case of the Kerr metric - see below). Then, it is seen from
6(24), (25) that motion with large L (23) in this region is possible if ξ ≈ 1 only. This means
that the angular momentum is fine-tuned according to (9). In this sense, the value ξ = 1 is
the analogue of the critical trajectory in the BSW effect [4], [17]. However, for finite r, any
ξ obeying (24) or (25) is suitable.
V. BEHAVIOR OF LORENTZ FACTOR
Let particle 1 have an angular momentum (23) with |L0| → ∞. Then, we obtain from
(16)
γ ≈ |L0| [
X2ωξ − ε1ε2Z2
√
ω2ξ2 − N
2
R2
(1− ξ)2
m1m2N2
−
β
2
(1− ξ)
Rm
]. (26)
As we will be interested in large r, we put ξ = 1. Let us also take for simplicity q2 = 0,
m1 = m2 = m = E2 , L2 = 0. Then,
γ ≈
|L0|
m2N2
ω(E2 − ε1ε2
√
E2
2
−m2N2) (27)
Assuming that E2 ∼ m and omitting the factor of the order unity, we can write
γ ∼
|L0|ω
mN2
. (28)
VI. KERR METRIC
Now, we apply the above results to the Kerr metric using eq. (28).
In terms of the Boyer-Lindquiste coordinate r, the coefficients of the Kerr metric in the
form (1) read
ω
N2
=
2Ma
r(r2 − 2Mr + a2)
, (29)
R2 = r2 + a2 +
2M
r
a2, (30)
where M is the black hole mass, a = J
M
, J is its angular momentum. One should take into
account that in the point of observation, L0 is given by (9). Considering large r ≫ 2M , we
obtain
γ ≈
ab
r
, (31)
b ≡
|qB|GM
m
, (32)
7where we restored the gravitational constant G.
To achieve γ ≫ 1, we must have
2GM ≪ r ≪ Gab, (33)
so
b≫ 1. (34)
One can check that, under the condition (33), the condition (18) is satisfied automatically.
If b is large enough, the second inequality in (33) is not restrictive. To achieve large γ,
particle 1 should have |L| ∼ |L0|. In terms of b,
L0 = bm
R2
2M
. (35)
For R & 2M , L0 & 2mMb. Thus its value must increase by the factor b as compared to
the value of the order 2mM typical of motion of test particles within the Kerr background.
Depending on M and B, one can choose b big enough to get γ ≫ 1 but, at the same time,
make L0
2mM
not tremendous. Now, we have an additional parameter B that is absent in the
case of collisions without the magnetic field. Varying B, one can hope to facilitate realization
of the scenario under discussion.
VII. DISCUSSION AMD CONCLUSION
In the most part of works on the BSW effect or its modification, unbound Ec.m. were
obtained due to the proximity of collision to the event horizon or (if the horizon is absent)
due to proximity of the would-be horizon to the threshold of its formation. A step away
from this requirement was made in [11], where collision could take place not in the vicinity
of the horizon. However, this implied the region of strong gravitational field since the
corresponding mechanism works in the ergoregion (or, in the ultimate case, on its boundary).
In this sense, the region of strong gravitational field was still needed. In the present work, we
made, in a sense, one more step away from the horizon and showed that even the ergosphere
is not necessary. Moreover, collision can occur in the region, where gravitational field is
weak and, nonetheless, we can achieve γ ≫ 1. From the other hand, we cannot simply
take the limit G → 0 since the conditions (33), (34) should be satisfied and, additionally,
G enters the definition of b (32). In other words, the gravitational field causes small (but
8essentially nonzero) perturbation of the Minkowski metric but affects motion of test particles
significantly. In a similar way, the magnetic field is also weak (since it almost does not change
the metric) and strong (since it is important for test particles) simultaneously in different
aspects [6].
It is worth also noting that in the previous scenarios of high energy collisions in the
magnetic and gravitational fields [6], [7] either collision occurred near the innermost stable
circular orbit (ISCO) or one of particles had the parameters typical of such an orbit. Cor-
respondingly, motion on ISCO posed restriction on the relationship between E and L. In
our case, we considered collision with arbitrary E and L which are independent quantities.
The energy E is finite but L should be negative and large enough with |L/B| being finite.
(The situation when E is finite but L grows with B is typical also for collisions near the
magnetized Schwarzschild black hole [6] and, in some cases, also for the Kerr black hole [7].)
The fact that large γ can be achieved far from a black hole, actually means that instead
of a black hole we can take a rotating star, so the background may look unlike a black hole
but, nonetheless, produce the effect under discussion.
That collision can occur far from the black hole, gives hope that high-energy collisions
in gravitational and magnetic fields (each of which is strong in one sense and weak in
another one) can represent not only theoretical interest but can be relevant for relativistic
astrophysics.
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